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Abstract
The Casimir interaction is a stark quantum mechanical effect that significantly contributes to 
precision force measurements at the micron and nanometer scale. Our group is constructing an 
experiment to launch and optically trap a dielectric nanosphere in a regime where the radius and 
surface separation between the sphere and plate are comparable. The Casimir force between a 
dielectric nanosphere and metallic plate must be calculated in order to both understand its effect 
in the gravitational force measurement at the nanometer scale and to have a theoretical model to 
predict the results of the Casimir force measurement. This interaction has been previously 
measured for metallic plane-plane and metallic plane-sphere systems in both PFA and Casimir-
Polder limits but our calculations will take place in a metal plane-dielectric sphere system for 
radius and surface separations comparable to each other, where the previous models produce 
both differing and incorrect results. To measure the force, a silica nanosphere will be launched 
and levitated in an optical trap where the Casimir force due to a gold plate will be measured. Due 
to stiction forces between them, nanospheres tend to form clumps and trapping these in the laser 
trap is not optimal. To reduce the occurrence of nanospheres clumping together, a system to load 
the nanospheres onto the diving board using a spin coater has been implemented.
ii
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1 Introduction
The Casimir force is a stark effect that is a remarkable phenomenon predicted not by classical 
mechanics but by quantum mechanics. Although it has been theorized since the 1940s,  only relatively 
recently has the Casimir Effect started to be measured experimentally. This delay in experimentation 
was not for lack of interest in the phenomenon since only recently have experimental techniques 
become precise enough to allow physicists to achieve the micron and nanometer distances where the 
Casimir Effect has a non-negligible contribution to force measurements. These new techniques come at 
an opportune time since many scientific fields ranging from medicine to computer engineering are 
beginning to probe micron and nanometer distances to achieve new innovations. The Casimir Effect's 
contribution to stiction forces at these distances is something that cannot be ignored and will become an 
increasingly important factor as technology explores the nanoscale environment.
1.1 The Casimir Effect
In 1947, Dutch physicists Hendrik Casimir and Dirk Polder theorized that there existed a non-
zero force between polarizable atoms and an electrically neutral conducting plate (1948). Originally, 
they thought they were developing the theory for the van der Waals interaction between two polarizable 
molecules. The van der Waals force is the sum of electrical forces between two objects due to induced 
and permanent dipoles of the materials. However, Danish physicist Niels Bohr suggested that this 
attraction might be due to the zero-point energy of the electric field rather than the sum of forces 
created by classical dipoles. Hendrik Casimir developed the general theory for the Casimir force 
between two conducting plates in 1948 (Casimir, 1948) while the previous interaction would become 
known as the Casimir-Polder force.
Classical mechanics predicts that the force between two electrically neutral metal plates in a 
field free vacuum should be zero. However, quantum electrodynamics comes to the opposite 
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conclusion. Quantum electrodynamics is, simply stated, the theory that describes how light and matter 
interact with each other on an elemental scale. This theory states that a field-free vacuum has some 
natural energy associated with it; in other words, there is a non-zero ground state (lowest energy 
state/configuration) of the electromagnetic field (Griffiths, 2008). This energy is due to fluctuations in 
the vacuum caused by constantly appearing and disappearing pairs of virtual particles, which at any 
moment in time are interacting with real particles near the vacuum. This appearance and disappearance 
of virtual particles seems to violate the principle of conservation of energy, as particles (which may or 
may not be moving but still have an energy associated with them for “existing”) seem to be created out 
of nothing. However, the Heisenberg uncertainty principle:
E  
is often used to justify this seemingly contradicting explanation (Griffiths, 2008). The above equation  
states that the uncertainty in the energy measurement multiplied by the uncertainty of the time 
measurement is always higher than some non-zero value (the reduced Planck constant divided by 2). 
Because of this uncertainty, virtual particle pairs are viewed as existing with some combined energy 
over some finite time so long as the product of those two is smaller than the value of the reduced 
Planck constant divided by 2 . This explanation is somewhat controversial, however, since Hendrik 
Casimir originally developed his theory without referencing zero-point energy or the virtual particles of 
the electric field. He originally computed the interaction as the van der Waals force in the case of 
polarizable molecules. Regardless, a field-free vacuum is not “empty” at any given moment in time and 
thus has some non-zero ground state energy. 
Considering two parallel and electrically neutral plates in vacuum, the number of virtual 
particles that can exist between the two plates is constrained because of boundary conditions imposed 
by the existence of the two plates. A wavefunction is a function that satisfies the Schrödinger equation:
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and is used to describe the state of a particle (Griffiths, 2005). The physical interpretation of the 
wavefunction is that the magnitude of the wavefunction squared represents the probability density 
function of the particle (the probability of finding the particle at some point in space). Since the 
potential energy of the virtual particles existing within the parallel plates themselves is extremely high, 
the probability density function at these points must be negligible (the probability of finding these 
virtual particles within the plates is vanishingly small). Because of this constraint, particles that exist 
outside the space between the two plates have to satisfy only one boundary condition while the 
wavefunctions between the plates must satisfy both (Figure 1).
 
Figure 1: Casimir Plates
This difference between the number of allowed virtual particles between the two regions manifests as 
an attractive (or sometimes repulsive) force. The force decays exponentially as the plate separation 
distance increases. However, at sub-micron distances this effect contributes significantly to the net 
force experienced by the two plates and eventually becomes the dominant force between uncharged 
conductors. The Casimir Effect is highly dependent on the geometric configuration of the system since 
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the possible wavefunctions that can exist between the two objects depend heavily on the shape of the 
objects. 
1.2 Previous Measurements of the Casimir force
The first effective measurement of the Casimir force came in 1997, when S.K. Lamoreaux 
performed a measurement on both the parallel plane-plane geometry and the plane-sphere geometry 
(Lamoreaux, 1997). The magnitude of the Casimir force per unit surface area (pressure) in the plane-
plane case is given by:
where a is the surface-to-surface separation between the two plates. His attempts at a plane-plane 
measurement were mostly unsuccessful due to the difficulty of  keeping the plates parallel to a 
sufficient level of accuracy (10-5 radians for 1cm diameter plates). This problem does not exist in the 
plane-sphere geometry, and the system has two scale factors (surface-to-surface separation and radius 
of curvature) instead of one like in the plane-plane geometry. Because of the small separation to radius 
ratio (Figure 2), Lamoreaux was able to use the proximity force approximation (PFA) to come to a 
relatively simple expression for the plane-sphere Casimir force:
The proximity force approximation treats the spherical surface in the system as the concatenation of 
numerous linear plates, thereby utilizing the plate-plate equation for the Casimir force with some 
correction factor for the varying distances of the “plates” from the real linear surface.
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Figure 2: Limit of large nanospheres.
A similar measurement was repeated for a metallic sphere and plate configuration (Mohideen & 
Roy, 1998). The surface separation between the sphere and plate ranged from .1 to .9 microns and the 
sphere's diameter was 196 microns. These parameters also allowed for the use of the PFA expression 
for the Casimir force and at the smallest separation distance, the measurement was within 1% of the 
theoretical value. The force was measured using an atomic force microscope in the following 
configuration:
Figure 3: Measurement configuration.
Here, the force on the cantilever, which is induced by the Casimir force between the sphere and plate, 
results in a displacement in the cantilever that changes the reflection angle off the aluminum of the 
cantilever and therefore changes the signal received by photodiodes A and B. The measured deflection 
and the sought after force are related by Hooke's law:
F=k ∆z
where k is the a force constant (dependent on the cantilever) and ∆z is the displacement of the 
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cantilever. The piezoelectric is supplied a constant voltage to adjust the distance between the plate and 
sphere. 
The Casimir Effect has also been measured in the Casimir-Polder limit (R << L). The first 
accurate measurement took place in 1993 (Boshier et al., 1993). In this experiment, an atomic beam of 
sodium atoms travel some distance through a gold cavity. Some of the sodium atoms are deflected and 
stick to the gold wall due to the Casimir-Polder force. Part of the transmitted beam is then ionized and 
detected for multiple cavity widths ranging from .7 to 1.2 micrometers. The density of ionized sodium 
that is transmitted is then used to calculate the Casimir-Polder force on the atoms, using the expected 
transmission density with no gold cavity as a reference. More recently, E.A. Cornell et al. measured the 
Casimir-Polder force for a 87Rb atom ( R = 248 pm ) at a distance of .1 μm (2005). Using  87Rb Bose-
Einstein condensate, they measured the perturbations of the natural frequency of the atoms as they are 
moved closer to a surface using a magnetic field. Ramping the magnetic field slowly, the atoms 
approach the surface without being excitation to mechanical modes of oscillation. As the Casimir-
Polder force on the atoms grows, the frequency of oscillation of the rubidium is perturbed. This change 
in frequency is then measured via a laser, which images the atoms and detects their distance from the 
surface.  
1.3 The Experiment
 The experimental configuration by Roy and Mohideen (1998) is used to give solutions within 
PFA ranges, since at small separations the cantilever does not significantly interfere with the geometry 
of the configuration but at separations comparable to the radius of the sphere, the cantilever imposes 
new boundary conditions that break the plane-sphere geometry and further complicates the calculation. 
Therefore, a non-mechanical configuration to both hold the sphere and to measure its displacement is 
necessary to measure this regime of the Casimir Effect. The main goal of my group's experiment is to 
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optically trap and levitate a silica nanosphere (radius = 150 nanometers) in an optical cavity and to 
bring it near a gold plate and measure the gravitational force exerted on it to a high precision (Geraci et 
al., 2010). The measurement will probe non-Newtonian gravitational potential energies that will give 
insight into possible interactions and particles predicted by physics beyond the Standard Model:
Here, α is the strength of the interaction and λ is the range of the interaction. Because the smallest 
surface-to-surface separation distance in this experiment will be at 250 nanometers, the Casimir force is 
predicted to have a noticeable and measurable effect on our gravitational force measurement 
(Canaguier-Durand et al., 2011). Modeling the Casimir Effect is key to understanding the true 
contribution of gravity to the force on the nanosphere but the Casimir force itself will also be measured  
in this configuration. 
My contribution in this experiment is twofold. First, using Wolfram Mathematica and Matlab, I 
have developed code that calculates the Casimir force for our geometry in the beyond PFA and 
Casimir-Polder regime. Although the proximity force approximation for the Casimir force is a very 
simple formula, it does not give the value of the Casimir force to within a reasonable accuracy since 
our two size parameters do not satisfy the requirement that R >> L. The calculation would also be 
trivial if the opposite was true ( R<<L ) in which case the sphere would behave as a simple point-
dipole, a case which could be solved with classical E&M. Secondly, I operate the launching mechanism 
that launches the nanospheres into the vacuum chamber and have implemented a method of spin 
coating to reduce the number of nanosphere clumps launched from the diving board (the substrate that 
the nanospheres are applied to before being launched into the optical trap). 
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2 Experimental Methods
Initially, the nanospheres were applied manually to a glass slide with a tungsten needle. The 
glass slide may be coated with Teflon to reduce the stiction forces (van der Waals force, capillary force, 
etc.) acting on the nanospheres. The glass slides may also be coated with gold for better reflection of 
the Helium-Neon laser light. This leads to a more intense reflected beam and more accurate data for the 
diving board displacement. A method of spin-coating has been implemented in order to reduce 
clumping of the nanospheres. The spin-coating method consists of applying the nanosphere solution to 
the glass slides and placing them in a centrifuge to scatter the spheres and evaporate the liquid. For 300 
nanometer diameter silica nanospheres, the force of stiction, both between the nanospheres themselves 
and between the nanospheres and the Teflon surface are much greater than the force of gravity acting 
on them (Beck, 2012). Therefore, the glass slide is put in physical contact with a piezoelectric which 
vibrates the diving board to induce accelerations sufficient to overcome the stiction forces. A 
piezoelectric is simply a material that compresses and decompresses as an electric current is run 




Figure 4: Piezo configuration.
Since the displacements at the edge of the diving board is relatively small and the frequencies at which 
the diving board oscillates are so large (hundreds of kHz), a system has been setup in order to detect at 
which frequencies the resonance for the piezoelectric occurs. This is accomplished using a Helium-
Neon laser which enters the vacuum chamber, reflects off the diving board and is redirected toward a 
quadrant photodetector, which measures the displacement of the outgoing beam. This change in 
position will be used to calculate the acceleration at the end of the diving board, which will be 
compared to the estimated stiction force to see whether or not that frequency is sufficient to launch a 
majority of the nanospheres from the diving board.
2.1 Piezoelectric
 For the launching mechanism, the piezoelectric and diving board are held in physical contact 
by aluminum plates (Figure 5).
Figure 5: Piezoelectric diagram.
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Each side of the piezoelectric is coated with a layer of silver to act as electrodes when the voltage is 
applied across it, applying the electric potential evenly across the two surfaces of the piezoelectric. The 
inner diameter of the piezoelectric is 13mm, the outer diameter is 38mm and the thickness is 6.35mm. 
The inner ceramic consists of lead zirconate / lead titanate. Wires are soldered onto each side of the 
piezoelectric with silver solder and then routed through a channel in the vacuum system and connected 
to a power supply that can apply up to a 200V potential to the piezoelectric. Minimal impedances of the 
piezoelectric give the greatest oscillation amplitudes. These were measured in a previous experiment at 
this laboratory (Beck, 2012). 
Figure 6: Impedance measurment.
The minimal impedances occur near 140 kHz and 340 kHz but a higher frequency produces higher 
accelerations at the edge of the diving board so the 340 kHz resonance is preferred. 
2.2 Microspheres
 The silica nanospheres were purchased from Bangs Laboratories Inc. Two different sizes are 
used, 3 micron and 300 nm diameter spheres. Since 3 micron nanospheres are much easier to trap and 
less likely to form into clumps, they are often used to test the alignment of the dipole laser trap but the 
experiment will eventually use 300 nm spheres. Both 3 micron and 300 nm spheres come in liquid 
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solution which is evaporated using a hotplate. The dry beads are then spread out onto the tip of a glass 
slide, which may be coated with either gold or Teflon, using a tungsten needle. The Teflon serves to 
reduce the stiction forces between the beads and the surface but often lowers the oscillation amplitudes 
of the glass slide as the Teflon layer dampens the ultrasonic vibrations of the glass. The gold slide is 
used since it has a high reflection coefficient for the Helium-Neon laser while two reflected beams and 
one transmitted beam result from a non-coated glass slides. 
2.3 Measure of the Board Displacement
In order to calculate whether sufficient displacements, and therefore accelerations, are being 
induced on our nanospheres, a method to actively measure our diving board displacement was 
implemented. A Helium Neon laser reflects off the diving board and is directed towards a photodiode. 
As the laser hits the photodiode, the intensity on the top two quadrants is summed and is subtracted 
from the sum of the two lower quadrants. This sum is displayed as a voltage which corresponds to the 
vertical position of the laser beam on the quadrant photodiode. A similar process takes place with the 
two left and two right quadrants resulting in a voltage corresponding to the beams horizontal position. 
The photo detector is mounted on a two axis stage that translates the quadrant a precise distance in the 
vertical and horizontal directions and the change in voltage is measured. This how we deduce the 
displacement on the surface of the photo detector from the voltage signal. The Helium Neon laser 
reflects off the diving board at a 45 degree angle and then reflects through three approximately 90 
degree mirrors.
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Figure 7: Launching stage.
2.4 Spin Coating
The tungsten needle method of bead application is not optimal, however, since the spread of 
beads is usually uneven. Scanning electron microscope (SEM) images show that smearing the 300 nm 
spheres onto the glass diving board with a tungsten needle results in numerous clumps (Figure 8). A 
method of applying the nanospheres to the glass slide evenly using a centrifuge has been implemented 
which increases the consistency of our results. The glass slide is held in place by a vacuum pump and 
spun at speeds appropriate to both spread the nanospheres and dry out the liquid solution.  First, the 300 
nm sphere solution is diluted at three different ratios: 1 drop of solution to 10 drops of water, 1 drop of 
solution to .5 mL of water and 1 drop of solution to 1.5 mL of water. A centrifuge spin coater is used to 
spread out and dry the bead solution. The centrifuge holds the glass slide in place using a vacuum 
pump and spins at two speeds for two given time intervals. Different spin speeds for each interval were 
used and the corresponding samples were taken to an SEM to determine which combination of spin 
speeds yields the lowest incidence of clumps along with the highest overall density of nanospheres. 
Four different combinations of spin speeds were investigated: 5 sec at 500 rpm then 60 sec at 1000 
rpm, 5 sec at 500 rpm then 60 sec at 3000 rpm, 5 sec at 1000 rpm then 60 sec at 3000 rpm and, finally, 
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5 sec at 3000 rpm then 60 sec at 3000 rpm.  
Figure 8: SEM photo of 300 nm silica spheres applied with a tungsten rod.
2.5 Experimental Results
  The optimal spin speeds of the coater were 5 seconds at 500 rpm for the first time interval and 
60 seconds at 3000 rpm for the second time interval while the optimal bead concentration for 300 nm 
spheres was found to be the .5 mL solution (Figure 9).  
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Figure 9: SEM photo for 300 nm spin coated spheres.
The densities of nanospheres in the spin-coated slide are much smaller than the smear-coated slide, 
although the number of individual spheres is more optimal in the spin-coated slide. Therefore, the flux 
of nanospheres while launching is much lower using spin-coated slides. However, 300 nm spheres 
launched off spin-coated slides have been caught in the dipole trap (Figure 10).
 Figure 10: Trapped 300 nm from spin-coated slide.





The formula for the Casimir energy between two scatterers in vacuum is given by Canaguier-
Durand et al. (2011):
RS and RP represent the reflection operators of the sphere and plane, respectively, and e(-KL) represents 
the propagation of the wave between the sphere and plate. Written in another basis, the matrix M is a 
block matrix expressed as the concatenation of four matrices:
where M(E,E) and M(M,M) are each matrices whose elements are defined as:
with similar expressions corresponding to the off-diagonal matrices M(E,M) and M(M,E). Here, each 
of the matrix elements is the sum of both trans-electric(TE) and trans-magnetic(TM) contributions of 
the electric force. The a(iξ) and b(iξ) represent the Mie scattering coefficients due to scattering from the 
sphere (Bohren & Huffman, 1983). They are written in terms of the spherical Bessel function “j” of nth 
order and the spherical Hankel function h(1) of nth order (Bohren & Huffman, 1983):
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The A(m, l1, l2,p) and B(m, l1, l2,p)  terms are defined in A. Canaguier-Durand et al. (2009) as :
where k is the wavenumber, the “d's” correspond to elements of a finite rotation matrix, the Y's are the 
corresponding spherical harmonic (solution to the 3 dimensional Schrödinger equation in spherical 
coordinates) and the rp is the Fresnel coefficient representing the scattering from the plate with p being 
either the trans-electric or trans-magnetic polarizations (Lambrecht & Reynaud, 1999):
The ε is the dieletric response of the metal and will vary depending on both the metal used and the 
theoretical model used to describe it.  To arrive at a solution, we must sum the M matrices over all m 
(angular momentum eigenstate )  but this leads to an infinite summation so we truncate the sum at some 
value lmax, which depends on the ratio of the size parameters R/L, to get sufficient accuracy at our size 
parameters. The size of the M matrices depends on this maximum value, for example, if we only 
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consider lmax = 2 we would have three M matrices corresponding to m = 0, 1, 2 each of which is 6x6 
since each is the concatenation of four 3x3 matrices. This calculation starts to become computationally 
intensive for values of lmax = 3 but lmax = 3 will give us the Casimir energy for our geometry and size 
parameters (R/L = 3/5) to a sufficient accuracy. This expression also reduces down asymptotically to 
the Casimir-Polder force for cases of R<<L.
Agreement must be established with the previous calculations performed by A. Canaguier-
Durand et al. (2011). The parameters in their paper correspond to a diamond nanosphere and a copper 
plate. The copper dielectric response will be given by the Drude model:
where wp  corresponds to the plasma frequency, which is 1.386*1016 rad/sec for copper. The diamond 
dielectric response is given by the Sellmeier model:
which gives a sufficiently accurate response with one contribution from the sum considered with 
Bi=4.91 and w1=1.778*1016 rad/sec. The number of angular momentum l  contributions to be considered 
scales with R/L. A. Canaguier-Durand et al. (2011) consider up to lmax = 100 but lmax = 3 were sufficient 
for the most extreme parameters of our experiment (R = 150 nm and L  = 250 nm). 
3.2 Theoretical Results
First, the calculations need to be compared against the results presented by Antoine Canaguier 




Figure 11: Previous calculations.
Although our experiment is using a silica nanosphere and gold plate, the only change will be in the 
dielectric responses of the different materials. The integration regions for both the wavenumber k 
integral and the frequency ξ integral have to sufficiently cover the plasma wavenumber and plasma 
frequency respectively. Since the plasma frequency for copper is on the order of 1016 rad/sec, a change 
of variables is necessary in order to optimize the integration. The dimensionless frequency ζ defined as 
ξ*c/R, where c is the speed of light and R is the radius, and the dimensionless wavenumber λ defined 
as k*R will be used as the new integration variables. At R = 10 nm, ζ = .5 will be equivalent to ξ at the 
plasma frequency, which means that we may truncate our frequency integration at ζ = 50 rather than 
having to integrate to 1018 to sufficiently cover the significantly contributing frequencies. The 
integration will be numeric since most of the elements of the M matrices do not have analytic solutions. 
19
Figure 12: Comparison with previous calculations.
This code will also be compared to the proximity force approximation at R >> L and to the 
Casimir-Polder energy for R << L given below:
+ : Results from [1]
Blue : l_max = 1





















+ : A. Canag ier-Durand
et al. (2011)
Blue : l_max = 1
Green :  l_max = 2
= 
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Figure 13: Comparison with PFA and Casimir-Polder limits.
Here, the code converges to the Casimir-Polder limit by L = 4000 nm but L = 100nm and R =150nm is 
not sufficiently within the PFA limit so higher contributions of lmax  and lower values of L would need to 

























Green : Casimir-Polder 
Limit
Red : Proximity force 
approximation
Blue : l_max = 3
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5 Conclusions
Agreement with the results of A. Canaguier-Durand et al. (2011) was achieved with lmax = 2 
contributions for R = 20 nm and with the Casimir Polder limit for R = 150 nm and L = 4000 nm. 
Furthermore, agreement with the PFA limit would require higher  lmax contributions and more 
computationally intensive code, which isn't necessary since the experiment parameters of R=150 
nanometers and L=250 nanometers are well beyond the PFA region. The spin-coating method, at 
optimal parameters, successfully yielded fewer nanosphere clumps but also severely decreased the 
density of beads. Therefore, the flux of beads, when launching at the maximum amplitudes, was also 
severely decreased. Future work will focus on measuring the changed flux of nanospheres while 
launching from a spin-coated board and comparing the time it takes to trap a nanosphere versus a 
smeared board. Additionally, the larger experiment to trap the nanosphere in an optical cavity has not 
been completed, meaning that neither the gravitational force measurement nor the separate Casimir 
force measurement have been probed.
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